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1. INTRODUCTION

The problem of evaluating transport coefficients for a dense gas from the
theory proposed by Bogolyubov‘" has come to a stalemate. This is due to the
fact that when obtaining the second order in the density of the transport
coefficients of a system of hard spheres it was found that they diverged.®
Moreover, it was also found that higher-order terms in the transport co-
efficients also diverged. This means that integrals over configuration space
diverge.

Several attempts to remedy this situation have been made. We mention,
for example, the resummation technique,® which gives rise to a nonanalytical
density dependence of the transport coefficients. In fact, this technique gives
rise to transport coefficients which contain logarithms in the density.

Kestin and collaborators® have performed a series of very accurate
experiments in which they measure the transport coefficients in a very wide
range of pressures. They found that, within their accuracy, the experimental
data do not support the conclusion of a logarithmic dependence in the
transport coefficients, as predicted by the theory mentioned above. Further,
the experimental results establish that the best fit for the transport coefficients
1s a power series in the density. This means that there is experimental support
for a convergent virial expansion of the transport coefficients.

On the other hand, an analysis of the hypotheses made by Bogolyubov
was done by Braun and Flores.®® It was found that one of the assumptions,
namely the boundary conditions used in solving the BBGKY hierarchy, does
not reflect the physical properties of the system, and that this is the reason
for the appearance of the divergences.

The difficulty with the boundary conditions proposed by Bogolyubov is
that they do not take into account the medium when expressing properties
of clusters of few particles. This difficulty was overcome by proposing a new
set of boundary conditions which do take into account the medium.® As a
consequence, when calculating transport coefficients this new theory gives a
convergent virial expansion of the transport coefficients. To zeroth order in
the density the Bo'tzmann results were recovered,’® and to first order in the
density results were obtained which are different from the results obtained
by Choh and Uhlenbeck.™

It is the purpose of this paper to obtain general expressions for the
second-order terms of the transport coefficients using the new theory men-
tioned above.

In Section 2 we write down several basic expressions which will be used
in the rest of the paper. In Section 3 we solve the BBGKY hierarchy to obtain
the two-body distribution function to second order in the density, using the
new boundary conditions. In Section 4 we obtain the general expressions for
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the second order in the density terms of the transport coefficients. Finally, in
Section 5 we discuss our results and show that they converge.

2. BASIC EXPRESSIONS

The kinetic equation is obtained from the first equation of the BBGKY
hierarchy, using the functional assumption

OF, P OF;
T + o Pq = O(x[Fy) @
where
(D(xlFl) = ”J dxy 01,Fo(x, xZiFl) )

Here 7 is the particle density, x = (p, q), and F, is the two-body distribu-
tion function in phase space as a time-independent functional of F;.
Linearizing this kinetic equation, one finds®

G b = @ ¢ [ v riae - o (GE), L, ©

where ®(x|Fi(q)) is evaluated at the local distribution function Fy(q) and
@'(x, x'| F1(q)) denotes the functional derivative of ® with respect to F, taken
at the point x” and evaluated for the local distribution function Fy(q).

Using the Chapman~Enskog method to solve Eq. (3) with the introduc-
tion of the perturbation function by means of

Fy = (L + 9) @

where ¢ represents the linear nonuniformities in the macroscopic variable,
and F;*¢ the local equilibrium single distribution function, we obtain a
unique solution in the form

o oln @ N 0 u 2__
¢ = YPHVP—— 5 + A(PHYPDP . q-fm@(?)aqu (%)

The notation used is explained in Ref. 6. The functions %, 2 and #
satisfy certain integral equations‘® whose kernels contain the function Fj.
Having determined the functions %, <7, and %, one can then obtain the
transport coefficients.

If we now make a density expansion of F,

o

Fo(-|Fy) = Z A V(| Fy) (6)

(=0
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where F,® and F,* were explicitly obtained in Ref. 5, one obtains density
expansions for ® and the functions ¥, &7 and # as follows:

o= Zl n* 2 Q)
= (1/M)% + 9, + n%, +-- )
= (1/n)oly + Ly + noly + ©)

and

B = (10 By + By + nBy + (10)

The integral equations satisfied by the quantities labeled with B and 0
were discussed in Ref. 6. We will now proceed to obtain the integral equations
to second order in the density, i.e., for the quantities o4, %,, and %,.

Since in the general integral equations for &7, 4, and & given in Ref. 8
the quantities (8/n«) and L appear, we expand them in power series in the
density, with the result

ik o8 2 dé 3" a8
and
_ 7 3 EN_ (1.2 2 4.
L= (I—W)(l-—zmcv) —(l 3m€)(n§+n§+ ) (12)
with
{=—{3p1 + %6 + $6°B."} (13a).
£ = —38y + 08y + 30°By" — 3678, — 3088, — $6°6:B,"
— 368,72 — 1628,'B," — 56°8:'B."} (13b)

In these equations = is the local equilibrium pressure, B;(6) and Bx(8)
are the second and third virial coefficients, respectively; the primes on 5;
denote derivatives with respect to 6. The rest of the symbols are defined in

Ref. 8.
Substituting Egs. (7)—<(13) into Eqs. (4.10) of Ref. 8, we find, to second
order in the density, the following integral equations:

2@ 202 [ 0o - oo - 3 )1 d
=J O D( P’ [)xX(P )P G D’ + J OO’ |)X (@2 Go dp

+ f OO p' )X P’ Gy dp’ - (4
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— () | 0D @SS
= | Oy b @) 7ty iy
+ [ O Op )P A, dp
+ [ OOy @) P Ay dy (14b)
[1 = @=3m0)®) ~ (130) | ©O-x[x®) 2@ = @) o’

= | 6P @)% dp (14

In order to evaluate the kernels of the integrals given above, we need the
explicit expressions for F,® (I =0,1,2). For / =0,1 we have already
calculated these expressions.”® Therefore we only need Fy®. This quantity
will be obtained in the next section.

3. THE TWO-BODY DISTRIBUTION FUNCTION TO SECOND
ORDER IN- THE DENSITY

From the formal solution of the BBGKY hierarchy, given by Eq. (16)
of Ref. 5, and using the boundary conditions introduced there and expressed
by Egs. (20a) and (20b) of Ref. 5, we find that to second order in the density
the two-body distribution functionis

2
F®(x1x5|F1) = 222(q1, q2)Fo(x1%2) I I Fi(x;)
i==1

_ f " dr Sy e @ (sl Fy) (15)

where
l/'z(z)(xl, XZIFI) = —Dle(l) - Dze(O)

+ f dxs (05 + O3)Fs (s, Xa, Xl F) (16)

Using the expressions for the lower orders in the density of the distribu-
tion functions obtained earlier,”® one finds after a lengthy calculation that the
two-body distribution function to second order in the density has the follow-
ing form:

2
FP(x1%|F1) = g22(Q, 42)F5(x1, Xo) H Fi(x; 1)
=1
3
+ f dxs My(x1, Xz, X5) | | Fa(xi; 1)
i=1

> 4
+ j dicy f dxy Na(x1, Xg, %0, %) [ [ Bz ) (17)
i=1
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Here the operators Mg(x;, Xg, Xg) and Ny(x;, X3, X3, X4) are given by
Mi(xy, x4, X3)
= [ dr SR, )0, @, T, 4)55 0, 7)
0

+ 02302(qz, qa)Fa(x2, X3)] + Ta(qy, q2)F2(X1, X2)
X [013227(Q1, Q2)F5(x1, X3) + 02382V(Qa, qs)Fa(Xa, X3)]
— (013 + 025) 81, Q25 G2)F5(X1, X2, X3)} (18)

N4(~x1 ) x25 .X'3, x‘l)
- j dr S2Yx;, xg)[ f dr S(xs, % H(Osa+ 02 Ta(s » o, Q) Hs» Xg» Xs)
0 0

— Doq1, Q) Fa(X1, X2)[01309(q1 , 43) Fo(x1, X3)
+ 02305(q2, 4a)F2(x2, x3)}[0:141'2(q1 , 4 F5(x1, X4)
T 02.09(q2, Qo) Fo(Xa, X4) + 03475(qs, qa) Fa(xs, x4)]

+ Ty, 00 %, xz){em [ dr 520 20 + 00T 00100
X F(x1, X3, Xa) — Loy, q3)F20x1, X3)[01a1'2(q1 , 2)F2(x1, X4)

+ 85.T(Gs, 0) %%, X1 + Os J: dr S2)(xg, Xo)

X {(024 + 03T '3(q2, g3, ) Fa(Xa, X3, X4) — T'2(q2, 93)F2(x2, X3)

X [02402(q2, qa)Fo(x2, X4) + 03405(qs, 42) F(xs, xé)]}}

~ (015 + ozs)f dr SZ (%1, Xa, X3){(014 + 024 + 034)
0

x T'u(g;, 92, qs, Q) Fu(X1, Xa, X3, x4)[014r‘2(‘ll, o) Fo(x1, X4)

+ 63,Taa, 4000, %2) + OocTalGs, 1) KCkss xo]}] (19)

4. TRANSPORT COEFFICIENTS

In order to calculate the explicit form of the integral equations %, <4,
and %,, we use the explicit expressions for F,® (/ = 0, 1, 2) obtained in an
earlier paper® and in the preceding section, in the integral equations given
by Egs. (14a)-(14c). We obtain the following results:
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For 4,

Sx Q)@ @8] ~ [ g 012{g;1>(qlqz)9;<xlx2>x<p1>x(pz)

x 2 (@~ QU2mE) — 2] + [ ds Olerrax(prpa(po)

e B

‘.,
1l
o

— QI@2mb) - %]} - [ ax 912[g;”(qlqg)%(xlxz)x@l)x(pz)

X

PGn(p) + f vy Mo pOx(px(2)

'MM

i
-

PGu(p) + f d, f dity Na(xuxsxsxx(POX(PX(Pa)X(Ps)

'Mw

-
B
"

i%m)] - | ax 912[g;“(qlq2>%(x1x2)x(p1)x(pz>

X
M»

-
]
pa

X
.MM

o

P.%(p;) + f dxs 03(x1%2%3)x(p1)x(P2)x(P3)

w #
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For %,
x@I[1 — (#?3mB)]¢ ~ (1/36) f dx, 912[g2<1)(q1, q2)o(x1, x2)x(P)x(p2)

X ZL e@i'(qi - (D + J dX3 (93()6'1, Xa, xS)X(Pl)X(Pz)X(Pa)
X Zl Pio(q; — ‘l)] = Ca(%1) (22)

Furthermore, the quantities ¢, and %; must satisfy the subsidiary
conditions given by Eqs. (4.8) of Ref. 8. To second order in the density
these are

[x@7 .o = 0 )

f x(p)%.(P?) dp =0 (24)
| @ x @@ 22
+4 [ dp x@IBop) [ dp s $OVE (51, 32, BIFL)
— —(1/60) f dp J dxy d' $VESY (51, X2, X |[FLOP (¢ — OX@)  (25)

There is no further condition on 7. Having solved the integral equa-
tions (20)-(22) for %,, <4, and %, one can write formal expressions for the
transport coefficients to second order in the density. From Egs. (5.8), (5.9),
(5.14), and (5.16) of Ref. 8, we obtain the following results, to second order
in the density.

Heat conductivity

Nz = Xz + (M%), + (A% + (M%) + (A2%2)2 (26)
with

(W) = (1/6m?6) f dp 2%, (p)x(p) @7
(M%), = (1/12m6) f [ ars dpr-@ + 22 @I | av

X [Fe™ (x1%2, P'10)%a(P) + F2¥(x1x2, p'10)%o(2)]x(P) (28)

(M%) = (1/24m26%) ﬂ dxq dp t-(P + P () rlr- j dx' Pq - Q)

x Fy® (12X |x) (29)
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(u#9)s = (1f6md) [ dp iy 41+ dp’ 2

x [Fa ¥ (xaxa, P[0%0(P) + Fo™ (x1%2, P |0)%a(p)] (30)

(e = (1f12000°) [[ s dp 400+ | dv @ — @)

X Fz‘°"(x1X2x'lx) (31)
Shear viscosity
Mz = 2 + %2 + (2% (32)
with
() = (1/15m) [ dp Px(p)( ) (33)

(02 = 2 [[[ dva dp o1 Y1l - 372977

X x(PVE (1 xa, P lX)Sa(p’) + Fol® (x1%5, P'|x)4(p") (34)

(a2 = (11208) [[[ v, dp &’ $Oirle-@ = Or-2 - ¢IP@ = @)

X x(P V' (x1%2X [ x) (35)
Bulk viscosity

(E)g = (€5 + (£%1)5 + (£%2), (36)
with
&) = —(1/3m) f dp Px(p)BAP?) @7
(s = & [[[ dra dp db? 1 OOF o, D IOF ) (39)

(9: = (11180) [[[ dxs dp &’ rg )P -@ — DUGIEO i) (39)

5. CONCLUSIONS

In the last section we obtained the explicit general expressions for the
heat conductivity and shear and bulk viscosities to second order in the
density. From inspection of these expressions (and of the integral equations
that the function ¢,, <4, and &% satisfy) we see that the integrals over
configuration space appearing in these equations are finite. This is due to the
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fact that the factors I'y and g, act as convergence factors. It should be
recalled that these are precisely the factors introduced in the boundary
conditions that reflect the physical situation in a dense medium. As a matter
of fact, it is through these factors that the medium is introduced in the
statistical dynamics of a cluster of s particles.

Therefore we can conclude that insofar as the existence of a convergent
virial expansion of the transport coefficients is concerned, our theory is
consistent with experimental results. Of course, we still have to compare the
numerical results obtained from this theory with experimental data. This
implies the use of explicit intermolecular models. This will be the subject of
forthcoming communications.
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